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1. INTRODUCTION 
In a recent paper [l] the authors gave a result which related, through Laplace 
transforms, the solutions of initial-boundary value problems based on the 
related equations D&x, t) = P(x, D) U(X, t) and D,%(x, t) = P(x, 0) o(x, t), 
where D, = a/at, x = (xl , x2 ,..., x,), and P is a finite-order linear partial 
differential operator which does not depend on t. In another paper [2], we 
gave several examples exploiting the relationships thus established between 
the wave, damped wave, Klein-Gordon equations, and the heat equation. 
The basic relation which connects solutions of boundary value problems 
satisfying U(X, 0) = $(x) and o(x, 0) = 0, w~(x, 0) = d(x) is 
where the symbolism denotes the fact that s is the variable of the Laplace 
transform and the variable in the inverted function is replaced by t2. Obvi- 
ously, at the heart of the matter is some relationship between the operators 
D, and Dt2. The solution operator associated with the equation D,u = Pu 
is etP. On the other hand, if we solve the equation Dt2v = Pv, as if P were 
a constant, subject to the initial conditions u(O) = 0, ~~(0) = 1, we obtain 
sinh t dp 
v=-7~* 
We take this to be the solution operator of the second problem. The solution 
operators are related by the Laplace transform in the following way: 
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Operating formally on the data function C(X) on both sides gives us the 
relationship (1.1). 
This suggests the following method for relating the equations 
O,(D,) 24(x, t) == P(x, D) 24(x, t) and O,(D,) v(x, t) = P(x, D) v(x, t). 
Find the appropriate solution operators from the ordinary differential equa- 
tions O,(D,) u = Pu and O,(D,) v = P U, subject to initial conditions related 
to those for the corresponding partial differential equations. Connect the 
solution operators through the Laplace transform (or other transform) and 
hence obtain the corresponding relation between the solutions of the related 
partial differential equations. We do not attempt to prove that the method 
works, in general, because we have found that once the proper relationship 
between solutions is obtained it is a simple matter to establish the result 
rigorously for general operators P(x, D) and general boundary conditions. 
The results are valid for generalized solutions. We give one such proof in 
Section 4, for illustrative purposes. 
In this paper, we shall illustrate the operator method for relating solutions 
of partial differential equations by giving examples of several related problems. 
One of these will involve the Euler-Poisson-Darboux equation, which can be 
simply related to the heat equation. If a space variable ranges from zero to 
infinity, as in the case of the semi-infinite heat conducting rod, then it may 
be possible to make a relation through a space variable. In this case, we relate 
the heat equation to a first-order equation. We also relate on a space variable 
to find the transverse vibrations of a semi-infinite beam. 
2. DIFFERENT INITIAL CONDITIONS 
If in the above example, we change the initial conditions in the second 
problem to ~(3, 0) = 4(x), o~(x, 0) = 0, th en we seek the solution operator 
for the equation D,2v = Pv, subject to v(0) = 1, ~~(0) = 0. The solution 
operator is cash t d/p and the required relation is 
cash t dp = tr(+) c!?;1{~-1’2eP’4s}s+t~ , (2.1) 
giving us 
(2.2) 
This formula can be verified as follows. One can obtain the solution given 
by formula (2.2) by finding a solution V(x, t) as given in (1.1) for the initial 
RELATED PARTIAL DIFFERENTIAL EQUATIONS 263 
conditions T/(x, 0) = 0, V,(x, 0) = 4(x), and then by differentiating ?‘(x, t) 
with respect to t. Let 7 = t2 be the variable in the inverse transform. Then 
v(x, t) = g = g g = tqg> 8,l pa, (x, -&) Is& . 
3. THE BACKWARD HEAT EQUATION 
If P(x, D) = - A,, the n-dimensional Laplacian, then D,u = - A,u 
is the backward heat equation. The related equation Dt2v = - A,v is the 
(n + 1)-dimensional Laplace equation. The solution operator associated with 
D,~v = - A,v, v(0) = 1, ~~(0) = 0 is cos t dA, . The solution operator 
associated with Dt2v = - Anv, v(0) = 0, ~~(0) = 1 is (sin t dA,/d&). 
The corresponding transforms are 
cos t fin = tr($) ~~1{s-112e-A~‘4s}8~t~ (2.3) 
which lead to the relationships: 
for the initial conditions v(x, 0) = 4(x), vt(x, 0) = 0, and 
(2.4) 
P.5) 
(2.6) 
for the initial conditions V(x, 0) = 0, V,(x, 0) =4(x), where in each case 
U(X, t) is the solution of the backward heat equation with initial data 
+, 0) = 9w* 
It is well known that the initial value problems for Laplace’s equation are 
not well-posed. But then so is the case with the backward heat equation. The 
relationship we have established indicates that the difficulty is not inherently 
one of classification of the partial differential equation. Also the relationship 
gives us the means of studying the question of well-posedness of the one 
problem in terms of the other. 
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4. THE EULER-P• ISSON-DARBOUX EQUATION [3], [4] 
In this section let us consider the related problems D,u = A,u, 
U(X, 0) = 4(x) and D,% + (a/t) D,v = Anv, a 3 1, 7/(x, 0) = 4(x), 
v~(x, 0) = 0. We find the solution operator for the equation 
D,% + (a/t) vt = A,v, subject to initial conditions v(0) = 1, ~~(0) = 0. 
The operator is 
+a)/2 
Ail-1)'4 
4a-dt&2), 
where 1, is a modified Bessel function of order Y. The relationship between 
the operators is the following 
t(l-a)/2 
AWlI/ 4a-1)lz(tA:'2) 
n 
(4.1) 
This leads to the relationship between solutions, 
qx, 1) = t1-p 1’ (ff!) s-(a+ll/2u (x, &) 1 (4.2) 
VP 
We prove the following theorem which establishes the relationship (4.2), 
under more general conditions. 
THEOREM. Let x = (x1 , x2 ,..., x,J and D = (Dl , D, ,..., 0,) where 
Dif (x) = af/axi . Let Du1 = D;lD;” .*. D> and let 
where 1 c1 / = 01~ + 01~ + *** + 01, and the a,(x) are given functions of x. Let 
S(x) = 0 denote a cylindrical surface in the (x, t) space and B(x, D) a non- 
tangential boundary operator whose domain is the manifold S(x) = 0. Let 
U(X, t) be the solution of au/at = P(x, D) u, t > 0, u(x, 0) = 4(x), 
B(x, D) u(x, t) =f(x, t), x E S, t > 0; and let v(x, t) be the solution of 
a%/aP + (a/t) aojat = P(x, D) V, a > 1, t > 0, V(X, 0) = 4(x), w,(x, 0) = 0, 
B(x, D) v(x, t) = g(x, t), x E S, t > 0. 
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If B(x, D) d(x) wanishes on S(x) = 0, P(x, D) 4(x) is continuous and 
g(x, t) = t’-%ql )r (ff) s-(a+1)‘2f (x, -$);,,,, 
then 
+?, t) = t-q p fq) S-(a+l)‘% (x, $1 ) 
s+t2 
provided the inverse transforms exist. 
PROOF. We first introduce changes of variables U(X, t) = u*(x, t) + d(x) 
and V(X, t) = 0*(x, t) +4(x). Then UT = P(x, 0) U* + P(x, D) 4, u*(x, 0) = 0 
B(x, D) u * = f (x, t), x E S; and ~5 + (u/t) VT = P(x, 0) o* + P(x, D) $, 
v*(x, 0) = z)F(x, 0) = 0, B(x, D) V* = g(x, t), x E S. Next, introduce the 
variable V(x, t) = tQ-%*(x, t). This gives 
vtt + (F) v, = qx, D) v + P-qx, D)$; 
V(x, 0) = Vv,(x, 0) = 0, B(x, D) v = P-lg(x, t), 
Next we introduce the variable 7 = t2, which results in 
x E s. 
~TV~‘,, + (6 - 2~) V, = P(x, D) V + T(~--~)‘~ P(x, D) (b 
with 
V(x, 0) = V,(X) 0) = 0, B(x, D) v = d”-1)‘2g(x, G/2), x E s. 
Now introduce the Laplace transform 17(x, s) of V(x, -r112). This satisfies 
4sag + s(2 + u) P + qx, D) P + 
r (fp) 
++1)/2 P(x,D)# =o 
or 
with 
B(x, D) 
s(~+1W(x, s) 
= +zfl ’ 
0 
x E s, 
2 
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where c((x, s) is the Laplace transform of r(a-1)‘2g(x, +). In the other 
problem, we introduce the variable s = 1/4t, and we have 
4s” g u* (x, -j-j + P(x, D) u* (x, +j + qx, D) 4 = 0 
w, D) u* (x, &j =f (x, &j , x E s. 
A comparison of the transformed problems show that the functions 
u*(x, (l/4$)) and s (a+1)/2~(x, s)/r[(a + 1)/2] satisfy the same differential 
equation and boundary conditions provided 
f (x, -j-j = rs(yl- qx, s) 
0 2 
lim s(~+~)/~P((~, S) = 0 
s-w 
Imposing these conditions and inverting the transforms gives us the desired 
result. 
There is an obvious corollary which gives U(X, t) in terms of ZI(X, t) as 
follows: 
(4.3) 
provided the boundary conditions are properly related. 
5. THE FUNDAMENTAL SOLUTION OF THE 
EULER-P• ISSON-DARBOUX EQUATION 
If we take 
b(x) = fi qx, - fi), 
i=l 
where 8(z) is the Dirac distribution, the fundamental solution of the heat 
equation is 
u(x, t) = & e-*t (sJ)/4t (5.1) 
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with 
The corresponding solution of the Euler-Poisson-Darboux equation is 
s-at*. (54 
Ifa>n-I 
0, if t” < b,,” 
~;1{S(“-a-1)/2e-b~ s}~_,~~ = (t2 - b,2)(a-l-n)/2 
if t2 > b,L’. 
In this case, the general solution of the Euler-Poisson-Darboux equation is 
a+1 t-r - 
2(x, t) = 
( ) 2 
rN2r 
( 
a+l-n 
2 - i 
X s 
df . . . &t 
l n ’ 
(5.3) 
where B(x, t) is the ball ‘& (xi - &)s < t2. 
If a < 71 - 1, the inverse transform is not easy to compute unless 
&(n - a - 1) = k, a non-negative integer. In this case, 
Y;l{ske-bi s},,,p = 8(k)(t2 - bn2), 
where 6’“)(z) is the Kth derivative of the delta distribution. If 8(x; t) is the 
surface of the sphere with center at x and radius t, then clearly the solution 
er(x, t) at time t depends only on the values of $(x) on S(x; t). Thus the solu- 
tion exhibits the clean-cut wave effect. If a = n - 1, k = 0, then using the 
result 
8(t2 - b2) = k 6(t - b) 
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which was proved in [2], the general solution is (see [5]) 
tz-ny n 
v(x, t) = 
( 1 2 
2rw i’ 
d(51 2 52 s*--> kz,) dS 
Sk% t) t 
73, 
where dS, denotes the surface element on S(x; t). 
(5.4) 
6. TEMPERATURE IN A SEMI-INFINITE ROD 
An example of a problem where we can relate equations on a space variable 
is the problem of determining the temperature in a semi-infinite heat con- 
ducting rod. The problem is D~v(x, t) = Dter(x, t), ~(0, t) =f(t), ~(2, 0) = 0. 
The related problem is D.&x, t) = D&x, t), ~(0, t) =f(t), U(X, 0) = 0. 
The solution of this problem is U(X, t) = e(t - x)f(t + x), where e(z) is 
the Heaviside step function. However, 
s-%(t-&)f(t+-&) 
is not a Laplace transform, and if it were the solution of the original problem 
obtained by inversion would satisfy w,(O, t) = 0, which is not the case in our 
problem. We therefore take a different approach. We attempt to find a 
solution by superimposing the solutions of two problems: 
and 
I 
or(l) (1) 
Pl 
0% =vt 
.(l)(O, t) =f(f), zp(0, t) = 0 
I 
v,(2) (2) 
p2 
20 =vt 
d2)(0, t) = 0, v$)(O, t) = g(t). 
The functions f(t) and g(t) are to be differentiable. The function g(t) is 
determined so that V(X, 0) = v~)(x, 0) + w(s)(x, 0) = 0. The related prob- 
lems are 
I 
(1) = up1 
pi &o, t) =f(t) 
P; %! I 
12) = @' 
?dyo, t) = g(t) 
and they have the solutions 
uyx, t) =f(x + t) 
u(2)(x, t) =g(x + t). 
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The corresponding problems have solutions 
The condition w(l)(x, 0) + v(~)(x, 0) = 0 leads to 
Introducing the variable 7 = x2, gives us 
Let 
Then (compare with [6], pp. 525, 526) 
g(t) = - 4 t-3’2 1,” ~2PPW(~2) d7). 
As an example, let us take f(t) = t. Then g(t) = - (2/2/;;)tll2. Hence, 
we have 
P(x, t) = XT($) .E”,l p(-&+t)l,,,=f + t 
=- &/4t dv - -‘= s”jt e-q=14t d,, & 
d4nt 0 0 
Then 
.-- 
w(x, t) = f + t - 
z 1 e-y=lJt d7 - -<ct e-ve14t dq dg+. 
0 
Compare this with [7], pp. 289-291. 
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7. TRANSVERSE VIBRATIONS OF A SEMI-INFINITE BEAM 
The partial differential equation for the transverse vibrations of a uniform 
beam is D,av = - Dz%. If we relate on the time variable, the related equa- 
tion will be D,u = - Dz4u. On the other hand, if we relate on the space 
variable, the related equation could be, for example, Laplace’s equation 
Dx2u = - Dt2u. Using the method of operators we shall relate the problems 
Dz4v = Pzj 
P, v(0, t) = z&(0, t) = %,(O, 4 = 0 
%z& 4 = 4(t) 
1 Dx2u = Pu P2 u(0, t) = 0 Kc(O, t) = @). 
To obtain the solution operator for problem P2 we consider the equation 
D2u = Pu, subject to u(O) = 0, u,(O) = 1. The solution operator is 
For the solution operator for problem PI , we solve D4v = Pv, subject to 
v(0) = v,(O) = v,,(O) = 0, v,,,(O) = 1. The result is 
sinh xP114 - sin xP114 
2P3’4 
. 
The relationship between the operators is 
sinh xP114 - sin xP1f4 
2P314 
and the relationship between solutions is 
v(x, 2) = r(g) 6p;l js-3/2u ($- ) t)l . 
8-tX2 
(7.2) 
Notice that V(x, t) = v,(x, t) satisfies the differential equation 0,” V = PY 
and V(0, t) = V,(O, t) = 0, V,,(O, t) = 4(t), T/,,,(O, t) = 0. Therefore, 
V(x, t) is related to the solution of problem P2 as follows: 
V(X, t) = XT(~) _~p;l Is-l/% (+- , tjl . 
s-q2 
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